An efficient iterative analytical-numerical method is proposed for three-dimensional (3D) electromagnetic scattering from an inhomogeneous object buried beneath a two-dimensional (2D) randomly dielectric rough surface. In the hybrid method, the electric and magnetic currents on the dielectric rough surface are obtained by current-based Kirchhoff approximation (KA), while the scattering from the inhomogeneous object is rigorously studied by finite element method (FEM) combined with the boundary integral method (BIM). The multiple interactions between the buried object and rough surface are taken into account by updating the electric and magnetic current densities on them. Several numerical simulations are considered to demonstrate the algorithm's ability to deal with the scattering from the inhomogeneous target buried beneath a dielectric rough surface, and the effectiveness of our proposed method is also illustrated.
Introduction
The scattering from an object buried beneath a randomly dielectric rough surface which can be modelled as sea surface and sands is a subject of great interest in many applications, for example, geophysical exploration, buried target detection, and remote sensing. Many researchers have paid much attention to this problem and many numerical methods have been proposed in the past decades. The method of moments (MoM) was applied to discuss the scattering from a rough surface with a two-dimensional (2D) target in [1, 2] . The MoM with the dyadic Green's function of the background medium is applied in [3] to study the forward-scattering problem of three-dimensional (3D) objects buried under a 2D locally rough surface. To improve the computational efficiency and reduce the memory requirement, some asymptotic methods and hybrid methods are developed to study the scattering from a target buried beneath the rough surface. The cylindrical wave approach combined with the first-order small perturbation method (SPM) [4] was applied in [5] to study the scattering from a cylinder buried below a slightly rough surface. The SPM was applied to study the electromagnetic scattering from a 2D dielectric cylinder buried beneath a slightly rough surface [6] . The second-order small slope approximation was used in [7] to study the scattering from one dimensional (1D) sea surface. The fields scattered by an object below a rough surface were computed by the efficient propagation-inside-layer-expansion (PILE) method combined with the physical optics approximation [8] . Hybrid KA-BIM was proposed in [9] to study the scattering from a 2D target buried beneath a rough surface. An efficient hybrid KA-MoM was proposed to analyse the electromagnetic scattering from a 3D perfectly electric conducting (PEC) object buried beneath a dielectric rough surface [10] . However, these numerical methods and hybrid methods mentioned above, for both 2D and 3D scattering problems, are applicable to PEC or dielectric objects. They all suffer the inconvenience of dealing with the scattering from inhomogeneous objects buried beneath dielectric rough surface.
For general inhomogeneous objects, the volume integral equation method is suitable. A fast volume integral equation algorithm with dyadic Green's function [11] was 2 International Journal of Antennas and Propagation developed to simulate the electromagnetic scattering from large inhomogeneous objects embedded in a planarly layered medium. The other appropriate choice for inhomogeneous objects is the finite element method (FEM) combined with the boundary integral method (BIM). The hybrid FEM/BIM method with the layered medium dyadic Green's function [12] was proposed to predict the scattering from inhomogeneous dielectric objects embedded in multilayered medium. But these methods cannot be applied to deal with the scattering from inhomogeneous object buried beneath randomly rough surface, since the analytical expression of the dyadic Green's function for the half space with rough surface can hardly be obtained. A hybrid FEM/MoM was applied in [13] to study the scattering from a 3D dielectric object above a 2D conductive rough surface. The FEM/BIM combined with KA was used in [14] to model the scattering from a 3D coated target above 2D PEC rough surface. The efficient and accurate modelling of inhomogeneous object buried beneath the randomly dielectric rough surface is still a challenging problem.
In this paper, a hybrid method is firstly designed for the fast and accurate solution of the 3D scattering problem related to a 3D inhomogeneous target buried beneath a 2D randomly dielectric rough surface. In order to achieve a significant reduction in CPU time and memory requirements, the asymptotic current-based KA is applied in the hybrid method to obtain the electric and magnetic current densities on the dielectric rough surface. To model the scattering from the buried inhomogeneous target, the powerful FEM/BIM is used in this paper. The multiple interactions between the target and rough surface are taken into account by updating the electric and magnetic fields on them. The accuracy of our hybrid method has been proven by comparing the results with that of the numerical method. And the effectiveness of our hybrid method is also discussed.
Hybrid Theory and Formulations
The geometry of the electromagnetic scattering problem is depicted in Figure 1 . The whole space is separated into two half-spaces by the rough surface Γ KA , which can be defined by a function = ( , ) with mean ⟨ ( , )⟩ = 0. The rough surface generated by using the Monte-Carlo method based on the corresponding power spectrum function is confined to a square region = = on -plane of Cartesian coordinate system. The 2D Gaussian roughness spectrum used in this paper is given by
where is the root-mean-square height of the rough surface, and are the correlation lengths in thêand̂directions, respectively, and and are the spatial frequencies in thê and̂directions, respectively. The half-spaces above and below the rough surface are marked as region 1 and region 2, respectively. The permittivity and permeability of region are and , respectively. The inhomogeneous target buried in region 2 is bounded by Γ BIM . Figure 1 : Geometry of the scattering problem of a 3D complex dielectric object buried under a 2D randomly dielectric rough surface.
The interior region Ω FEM of the target can be composed of inhomogeneous dielectric objects with complex relative permittivity (r) and permeability (r), and PEC. To reduce the edge effects caused by the truncation of the finite surface length, the rough surface is illuminated by a TE polarized tapered wave [15] in this paper. The source of the tapered wave is in region 1 and the tapered wave can be expressed as
where
where inc and inc are the incident angles, is the tapered factor, and 1 is the wavenumber in the half space above the rough surface. Hybrid FEM/BIM is a powerful technique to deal with the inhomogeneous media problem due to the differential equation nature. As shown in Figure 1 , region 2 can be decomposed into two parts by boundary Γ BIM , the interior region Ω FEM , and the outer region. In FEM/BIM, the interior region Ω FEM is analysed by FEM and the outer region is modelled by BIM, which naturally satisfies the radiation condition. The interior field and the outer field are coupled together via the field continuity conditions on the boundary Γ BIM .
In the FEM region Ω FEM , the electric field satisfies the following Helmholtz's equation:
International Journal of Antennas and Propagation 3 where 0 is the free-space wavenumber, J(r) is the electric current in the space, 0 is the free-space intrinsic impedance, and E(r) is the total electric field. Based on the theory of functional analysis, the equivalent variational problem can be formulated as [16] (E) = 0
wherêis the out-ward unit vector normal to boundary Γ BIM and H scat is the magnetic field scattered by the target on the boundary Γ BIM . Discretizing the FEM region with tetrahedral elements, the fields can be expanded by the vector basis function [16] N (r):
where is the number of the vector bases defined in FEM region. Then the following weak form of the matrix equation can be obtained:
The outer region can be modelled by the integral equation method. The total electric field E(r) in the outer region satisfies the following integral equation:
where E scat (r) is the field excited by the equivalent surface electric and magnetic currents (J eq and M eq ) on the rough surface, which act as the source illuminating on the target. E scat (r) is the field excited by the equivalent surface electric and magnetic currents (J eq and M eq ) on the boundary Γ BIM . The fields E scat (r) and E scat (r) can be obtained from the following expressions, respectively:
The operators L and K are defined as
The symbols , , and are the complex impedance, the wavenumber, and Green's function associated with region , respectively. The expression of the Green's function is given by
where r and r are the position vectors of the source and observation points, respectively.
On the boundary Γ BIM , the equivalent electric and magnetic currents (J eq and M eq ) have the relation with surface fields as J eq =̂× H scat and M eq = −̂× E scat , respectively. Then the electric and magnetic currents on the boundary can be discretized as
where f (r) is the Rao-Wilton-Glisson (RWG) basis functions which have relation with N (r) as f (r) = −̂× N (r).
When MoM is applied, the following matrix equations can be obtained by discretizing (9):
where [ ] and [ ] are the impedance matrices and { } is the vector related to the fields scattered from the rough surface. And they can be obtained by the following expressions:
International Journal of Antennas and Propagation
Then we can obtain the final matrix equation for the scattering problem of the inhomogeneous target buried under the dielectric rough surface as
where 
Note that the effects of the rough surface are considered in (17) as terms [ ]. To get the field E scat scattered from the rough surface, we should firstly compute the equivalent surface electric and magnetic currents (J eq and M eq ) on the rough surface. They can be rigorously achieved by solving the following integral equations with MoM:
However, solving these integral equations with MoM is very time-consuming and requires a great amount of storage memory, especially for 3D electrically large rough surface. To reduce the computation time and memory requirement, analytical KA is a good choice. Based on the superposition principle, the electric and magnetic currents on the rough surface can be represented by the combination of two independent parts as
where J inc and M inc are the electric and magnetic currents induced by the incident wave in the absence of the buried target. J obj and M obj are the electric and magnetic currents generated by the fields scattered by the buried target in the absence of the incident wave source.
According to the KA theory and equivalent principle, the electric and magnetic currents (J inc and M inc ) at any point r can be expressed as
where (̂,̂,̂i nc ) is a local orthonormal basis established at any point r on the rough surface. The symbol̂i nc is the unit incident wave vector. The unit vectorŝand̂are the local perpendicular and parallel polarization vectors, respectively, which can be defined aŝ
The symbol̂is the unit local reflection direction vector. Based on the tangent plane approximation,̂=̂i nc −2̂(̂⋅ inc ). TE and TM are the local Fresnel reflection coefficients of TE polarization and TM polarization, respectively, which can be expressed as
where li is the local incident angle on the rough surface which satisfies cos li = −̂⋅̂and 2 is the relative permittivity of region 2. Similarly, the electric and magnetic currents (J obj and M obj ) generated by the fields scattered by the buried target can be expressed as
International Journal of Antennas and Propagation 5 from the rough surface by (11) The iterative error is less than 1%
Computing the bistatic NRCS solving the matrix equation (17) Computing the scattering field from the target by (10) (26) and (27) where (̂,̂,̂) is a local orthonormal basis established at any point r on the rough surface.̂is the unit vector from the source point r on the target to the field point r on the rough surface, which satisfieŝ= (r − r )/‖r − r ‖. The unit vectorŝ and̂are the local perpendicular and parallel polarization vectors, respectively, which can be defined aŝ
wherêr s is the unit local reflection direction of the wave induced by the electric and magnetic currents on the target, which act as another incident source illuminating on the rough surface from the bottom.
TE and TM are the local Fresnel reflection coefficients of TE polarization and TM polarization, respectively, which can be expressed as
where ls is the local incident angle and satisfies cos ls = (r) ⋅̂. Then the scattering information from the rough surface can be obtained by (20), (22), and (26), if the scattering field E scat from the target is calculated beforehand. It should be pointed out that, since the scattering from the rough surface is considered by KA, the limitation of KA [17] should be taken into account in our hybrid method; namely, the curvature radius of the rough surface should be very large compared to the wavelength of the incident wave, ≫ .
The multiple interaction between the rough surface and the buried target can be taken into account by an iterative approach. To give a clearer depiction, the iterative process in our method is shown in Figure 2 . The iterative error at the th iteration is defined as
Once the scattering information from the rough surface is obtained, the bistatic normalized radar cross-section (NRCS) can be calculated by
where E scat is the field scattered by the rough surface at any point r in the region 1, which can be obtained with the following expression:
The symbol inc is the incident beam power which can be given by
Numerical Results
In this part, several numerical simulations are considered to demonstrate the algorithm's ability to deal with the scattering from the inhomogeneous target buried beneath a dielectric rough surface. The effectiveness of our proposed method is also illustrated. In all examples, the region 1 is considered as free space. In addition, all sizes are given in terms of freespace wavelength which is equal to 1 m in this paper unless otherwise specified. Finally, the relative permittivity of region 2 is 2 = (2.0, −0.01).
Our numerical code is firstly applied to calculate the bistatic NRCS of a 3D PEC sphere buried under a Gaussian dielectric rough surface. The radius of the sphere is 0. In the legends, "Rs + Object" denotes the model of an object buried under the rough surface. "Rs" denotes the model of the rough surface only. Figure 3 shows that the results obtained by our method agree with solutions of FEM/MoM very well. It can also be observed that the total NRCS is mainly contributed by the rough surface within the scattering angles ∈ (−15 ∘ , 15 ∘ ), while in other scattering angles, the total NRCS is mainly contributed by the buried target. Table 1 shows the comparisons of the computing resource for a single rough surface sample for different methods. The matrix of FEM/BIM is stored with compress sparse row format, and the parallel LU decomposition is used to solve the matrix equation. Table 1 indicates that the number of unknowns in our method is reduced to 14.5% of that in FEM/MoM, and the memory requirement and solving time are reduced to 1.3% and 3.3%, respectively. The result shows that our method is exact and efficient in dealing with the scattering from the target buried beneath rough surface. To further demonstrate the ability of our method to deal with the composite scattering from the inhomogeneous target buried under rough surface, the scattering from a 3D inhomogeneous sphere buried under a dielectric rough surface, as shown in Figure 4 , is calculated. The default parameters are set as follows: the incident angles are inc = 15 well, demonstrating the ability of our method to deal with the scattering from inhomogeneous target.
In the third example, the influence of the surface roughness on the scattering properties of the inhomogeneous sphere buried under dielectric rough surface is studied. The parameters of the inhomogeneous sphere are shown in Figure 4 . The other parameters are set as follows: the length of the rough surface is = 50 m, the incident angles are inc = 30 ∘ and inc = 0 ∘ . The parameters of the root-meansquare height and the correlation length = = of the rough surface can be found in the Figure 6 .
